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Covariance Matrix Adaptation-ES (CMA-ES)
Given 9!’ = (mt,O't, Ct) € Rd X R>0 X 8_7_4_2
1. Sample a population x}, 1, ..., X\ 1 ~ ps, = N(me, 02C;)

2. Rank
Fxin) < - < F(xD)

3. Update 9t+1 = (mt+1,0t+1, Ct+1).





















Mean update:
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Step-size adaptation:
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Covariance matrix adaptation:

e
C, 1 = Positive combination <Ct, Average [(xt’;\l — mt)]>
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Covariance matrix adaptation:
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C, 1 = Positive combination <Ct, Average [(xt’;\l — mt)]>
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C; approximates H™1.
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C; approximates H™1.
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Goals:

Prove linear convergence of CMA-ES:
distance(m;, x*) ~ pf x distance(mg, x*) (p < 1)
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and learning of the inverse Hessian on convex-quadratic functions
f(x) = x"Hx/2:

i B |

t—00 normalization
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Markov chains and transition kernels

P: X x B(X) — R is a transition kernel when
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Markov chains and transition kernels

P: X x B(X) — R is a transition kernel when
Vx € X, P(x,-) is a probability measure.

A Markov chain with transition kernel P is a random sequence
{0:}ten such that:

Pl0er1 € A| 0 = x] = P(x,A).
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After k steps:

Ergodic Markov chain

If 6o ~ 1

Oy ~ vy = Pk = /Vo(dX)Pk(X, )
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Ergodic Markov chain

If Oy ~ 1
After k steps:

Oy ~ vy = Pk = /Vo(dX)Pk(X, )

lim vy =m
k—o00

dmr, Yy,

then {0y }ken is ergodic.
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Limit theorems

If {0:}ten is ergodic with limit law 7

1=

Jim E[f(6,)] = lim — > (6

t=0

[y

= E9~7r[f(0)]
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Methodology of convergence proof of ES

1. Define a normalized process {¢;}ten of the algorithm {6;}en
2. Prove: {¢:}ten is an ergodic Markov chain that tends to 7

3. Use limit theorems to prove linear convergence of {0;};cn

This approach was successful for stepsize adaptive-ES
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Definition of a normalized Markov chain for CMA-ES

In order to obtain a stationary Markov chain:

my — x*
Ot Amin(Ct)

C:
)\min(ct)

Zy =

Zt:

Proposition

} then {(zt, X¢)}ten is a Markov chain.

!scaling-invariant functions
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1

[m7r — x*]|

[[mo — x|

If {(z:,X¢)}ten is ergodic:
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If {(z:,X¢)}ten is ergodic:

T-1
1 [mr — x*| 1 t+1)‘mln(ct+1)
—log ——— = — g | —1 —1
T 98 [mo — x*|| T - 0g [|ze41]| — log || z¢]| — log T Amin(Cr) /2
1 Imr — x*|| 01 Amin(C1)Y/2
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If {(z:,X¢)}ten is ergodic:

1 ||mT_X*H o 1 t+1)\m|n Ct—i—l)

T-1
gl = log ||zt 41]| — log || z¢|| — log
T 7 mo—x T ;

01 Amin

(
Ut)\mln(ct)l/z
(C )1/2
| - N 7
o8 O'O)\mln(CO)]'/2

T = Exllog 211 — Ex[iog 1]

—TE, [Iog ilkmin(cl)l/2:|
‘7'0>‘min(c0)l/2 Hmo _ X*H
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o1 12 wizf |

| .
%8 50~ Jweights|[E[AT]

We are able to prove

IS wiz™?
[[weights |2E[lA]2

-1

>0
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How can we prove that {(z;, X:)}+ten is an ergodic Markov chain?
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How can we prove that {(z;, X:)}+ten is an ergodic Markov chain?

(and under which conditions?)
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How to prove that {¢:}:cn is ergodic

1. lIrreducibility and aperiodicity of {¢:}

2. Drift condition:

E[V(¢1)] < (1 —¢€)V(¢o) Voo & K
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How to prove that {¢:}:cn is ergodic

1. lIrreducibility and aperiodicity of {¢:}

2. Drift condition:

E[V(¢1)] < (1 —¢€)V(¢o) Voo & K

Theorem
If 1. and 2. hold for a small set K, then {¢:} is ergodic

(V-geometrically ergodic).
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1. Irreducibility and aperiodicity

{¢+t}ten is irreducible when

v¢starta Qbend € (D7 Jk > 0» IP)[Qbk = d)end | QZ)O = Qbstart] >0

Pstart ~ Pend
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1. Irreducibility and aperiodicity

{¢+t}ten is irreducible when

Vostart € P, VPeng C P, Volume(dDend) >0 = dgtart ~ Pend
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1. Irreducibility and aperiodicity

Theorem*
The Markov chain

bev1 = F(oe, Ury1)
is irreducible and aperiodic when
(i) there exists a steadily attracting state ¢*;

(ii) there exists a path Us, ..., U; at which F*(¢*,) is
submersive.

Assumptions: F is loc. Lipschitz and Uiy1 ~ pg, where (¢, u) — py(u) is Isc
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1. Irreducibility and aperiodicity

Theorem*
The Markov chain

br41 = F(¢r, Urs1)
is irreducible and aperiodic when
(i) there exists a steadily attracting state ¢*;
(ii) there exists a path Us, ..., U; at which F*(¢*,) is

submersive.

For us:
(Zt+17zt+1) = F((tht) Zt+1)

Assumptions: F is loc. Lipschitz and Uiy1 ~ pg, where (¢, u) — py(u) is Isc

21



Proposition*
(z,X%) = (0,(1 — c1 — cu)lg) is steadily attracting and there

exists zi*, . .. ,z,’;:’\ at which F¥(z*,X*,) is submersive.
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Proposition*
(z,X%) = (0,(1 — c1 — cu)lg) is steadily attracting and there

exists zi*, . .. ,z,’;:’\ at which F¥(z*,X*,) is submersive.

Consequence:

{(z¢,X¢)} is irreducible and aperiodic.
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2. Drift condition

V(z, ) = oflz|* + BIIZ|
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2. Drift condition

V(z, ) = oflz|* + BIIZ|

(a) When [|Zo|| > 1+ ||20]/?:
E[[Z1[] < (L = &)[[Z4]

(b) When [|Zof| % |l20]
E[|z[?] < (1 - &) ?

Proposition
If (a) and (b) are true:

3K compact, E[V(z1,X1)] < (1 —¢)V(z, Xo)

V(Zo, zo) € K

23
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(a) When || Zof| > 1+ [|z0]?

N

Proposition*

When f = and || Zo|| > 1+ ||zo]|*:

E[lIZ4]l] < (X = o)l =4l
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(b) When || o] % [z0]?
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(b) When || o] % [z0]?
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_ Average(z{, ..., 2!
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_ Average(z, ... ,z{“)‘)

Z1 —
normalization

with

normalization = increasing function(||me+1 — m¢||) X \/ Amin(Z1)
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(b) When || o] % [z0]?

_ Average(z, ... ,z{“)‘)

Z1 —
normalization

with

normalization = increasing function(||me41 — my||) x

Proposition*

When f =) and || o] % [0

Elllmess — me[l] > E|N]]

/\min(zl)
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(b) When || o] % [z0]?

_ Average(z, ... ,z{“)‘)

Z1 —
normalization

with

normalization = increasing function(||me41 — my||) x

Proposition*

When f =) and || o] % f120]%:
E[llmes1 — me[]] > E[INV]|
If we choose the hyperparameters correctly:

E[normalization] > 1

/\min(zl)
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(b) When || o] % [z0]?

_ Average(z, ... ,z{“)‘)

Z1 —
normalization

with

normalization = increasing function(||me41 — my||) x

Proposition*

When £ =@ and | Zo]| 3 || 20]|2:
Elllmes1 — mel] > B
If we choose the hyperparameters correctly:
E[normalization] > 1

and
E[l|z1]%] < (1 = &)||z0?

/\min(zl)

25















Theorem*

When f =

IK compact, E[V(z1,X1)] < (1 —¢)V(20, X0)

Consequence:

{(Zt7 Zt)}t is ergodic

V(z0, X0) € K
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Theorem*
When f = , CMA-ES converges linearly.
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Theorem*
When f = , CMA-ES converges linearly.

How to extend to f = ?
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(mo, Co)

(mo. Co)

Affine-invariance

min £ (x) (m1, C1)
\U_l
min f(Bx + b) (m,, C})
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Theorem
CMA-ES is affine-invariant
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Theorem
CMA-ES is affine-invariant

Consequence

Theorem*
When f = , CMA-ES converges linearly.
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Theorem
CMA-ES is affine-invariant

Consequence

Theorem*
When f = , CMA-ES converges linearly.

(with the same convergence rate than '2))
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Learning of the inverse Hessian

When f = , we find

im B [C} —1

t—00 normalization

32



Learning of the inverse Hessian

When f = we find
C:

lim —_— | =1y

t—00 normalization
Since — Hessian/2 x

C; ) .
f= . = limE|——f | = Hessian /2 x Iy < Hessian
t—00 normalization
= Hessian™!

~1/2
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Learning of the inverse Hessian

we find

C:
lim —_— | =1y
t—00 normalization

1/2

Since = Hessian/“ x

t—00 normalization

f= . = lim E [C] = Hessian /2 x Iy x Hessian

— Hessian!

Theorem*

CMA-ES learns the inverse Hessian of

~1/2
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Conclusions

= CMA-ES converges linearly when f =
= The convergence rate does not depend on

= The covariance matrix approximates the inverse Hessian

Thank you
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