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Algorithm 1 Our first ES

Goal: min f(x)
x€R4
Repeat: (Given m; € RY)

1 A
LoXfiq, oo Xpy ~ N(me, lg)

2. Rank population:

(1) < < ()
A M'A)

. _ 1: :
3. Update mean: m; 1 = Average(x; j,...,x.

A = population size
[ = parent number
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Algorithm 2 ES with step-size adaptation

Goal: min f(x)
x€RY
Repeat (Given m; € RY and o, > 0)
Loxtig, oo Xy ~ N(me, 07 ly) (a
2. sort f(x{,1):
) <o F )

— 1:) A
3. myr1 = Average(x; i, ..., X 7)

4. 0441 = o, X increasing function (||m¢+1 — my||)

A = population size
1 = parent number
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Prove:

[mepr — X" oes1

Ime — x|~ o

p € (0,1).
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P: X x B(X) — R is a transition kernel when

Vx € X, P(x,-) is a probability measure.
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P: X x B(X) — R is a transition kernel when
Vx € X, P(x,-) is a probability measure.

A Markov chain with transition kernel P is a random sequence
{0+}ten such that:

P[9t+1 € A ‘ Qt == X] == P(X,A)

= When X = {1, ..., n} is finite, P can be represented as a
n X n matrix:

PlOi1=j|0:=i] =Py

= We can define a k-steps transition kernel P¥ which satisfies

Pl:sk € A0 = x] = PX(x,A)
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If X is finite:
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If X ={1,...,n}:

vo = (p1,---,Pn) with ZPkZl
P

represents an initial state of the Markov chain {0} xen

After k steps:
Vi = 1g X Pk

E|7T,Vl/o, m v =m

li
k—00

then {0k }ken is ergodic.
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If X is infinite:
vp probability measure on X

represents an initial state of the Markov chain {0 }ken

After k steps:
vi= [ no(d)PHx,)

I, Yy,

lim vy =m
k—o00

then {0k }ken is ergodic.
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For an ergodic Markov chain © = {0 }ken:

Gk — T
k—o00
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For an ergodic Markov chain © = {0 }ken:
Gk — T
k—o00

where 7 is the invariant probability measure of ©:

9kN7T$9k+1N7T
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When © = {0 }ken is ergodic:

- 1 T-1
i 7 2 800 = [ elan(s)
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{(my, ok) }xen is a Markov chain valued in X = RY x (0, +-00)
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lim my = x*
k—o0

and

lim o, =0
k—00
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lim mey=x* and |lim o, =0
k—00 k—00

d(x*,0) is not a probability distribution on X = R? x (0, +00)!
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Zy =

mg — X
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mth*
Zy = ———
Ot

Question: {z:}:cn is an ergodic Markov chain?
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Goal: min f(x)
x€RY
Repeat (Given z, € RY) :
1. zt1+1,...,zt’\+1~/\f(zt,ld) (a

2. sort f(x{,1):
fxiin) <o < FOe)
1:) A

3. zty1 = Average(z, 4, ..., 2,1)

4. 0441 = o, X increasing function (||m¢+1 — my||)
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Algorithm 3 ES with step-size adaptation
Goal: min f(x)

x€R4
Repeat (Given z, € RY) :

Lozl g,z ~ Nz, lg)

2. sort f(x},1):

fain) <--- < F(ekp)
JTEDN

Average(z}:’\l,...,th)
increasing function(||z¢11—2z¢||)

@

3. zty1 =

A = population size

1 = parent number
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mth*
Zy = ———
Ot

Question: {z:}:cn is an ergodic Markov chain?
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When X is finite:

Theorem
If {0:}ten is an irreducible, aperiodic Markov chain, then it is
ergodic.
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When X is finite:

Theorem
If {0:}ten is an | irreducible|, aperiodic Markov chain, then it is
ergodic.
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If X ={1,...,n},
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If X = {1,...,n},
{0+ }ten is irreducible if

Vx,y € X, 3k >0,

k
Pk, > 0.
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If X ={1,...,n},
{0¢}ten is irreducible if

Vx,y € X, 3k > 0,

P, >0.

X~y
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If X infinite,

{0+ }ten is irreducible if

Vx € XA C X,

volume(A) > 0 = x ~» A
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If X infinite,

{0+ }ten is irreducible if
Vx € XA C X,

for some volume on X.

volume(A) > 0 = x ~» A

29



When X is finite:

Theorem
If {0t }een is an irreducible, Markov chain, then it is
ergodic.
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91€A1:>P[92€A2]:1
92€A2:>P[03€A3]:1

0r € At = P[QT—H S A1] =1
Then period = T.

When period =1,
{6:} is aperiodic.
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When X is finite:

Theorem
If {0+ }ten is an irreducible, aperiodic Markov chain, then it is
ergodic.
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When X is infinite:

Theorem
If {0:}ten is an irreducible, aperiodic Markov chain, then it is

ergodic if

E[V(011) | 0] < (1 —€)V(0:)  if O & small set

for some V: X — [1, +o0].
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Proposition: for {z;:}:cn, compact sets are small
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When X is infinite:

Theorem
If {0+ }ten is an irreducible, aperiodic Markov chain, then it is
ergodic if

E[V(0¢41) | 0] < (1 —e)V(0:) if O & compact set

for some V: X — [1, +o0].

35



V(z) = ||z||

10 A

0

2 4 6 8 10 12 1

[z]1

4

36



V(z) = ||z||

10 A

0

[z]1

small set
2 4 6 8 1

0

12

14

36



V(z) = ||z||

10 A
8_
[ ]
6_
4_
2_
small set
0 (IS é 1I0 1I2
[z]1

14

36



V(z) = ||z||

10 A

small set

6 8
[z]1

10

12

14

36



When X is infinite:

Theorem
If {0+ }ten is an irreducible, aperiodic Markov chain, then it is
ergodic if

E[V(0¢s1) | 0¢) < (1 —e)V(0:) if 0+ & compact set

for some V: X — [1, +o0].
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Ok+1 = F(Ok, xk+1)

where xx11 ~ pg,
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Ok+1 = F(Ok, xk+1)

= Fi41(60, x1,

where xx11 ~ pg,

e Xer1)
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f* is attracting when
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0* is attracting when

E|X1,X2,..., Iim Fk((go,xl_k) = 9*
k—o00

40



0* is attracting when

. *
E|X1,X2,..., ||m Fk(go,xl_k) :9
k—o00

Theorem
If

= J0* attracting

o X, X
such that Fi(0*,-) is a submersion at x; ,,

then, {0:}+cn is irreducible and aperiodic.
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Algorithm 3 ES with step-size adaptation

Goal: min f(x)

x€Rd
Repeat (Given z, € RY) :

].. Zl:'L—‘,-l’"'?Zi%\—i-lNN(Zt?/d)
2. sort f(z{,,):
o) <o )

1A BN
Average(z,/\,...,2/ )

increasing function(||z¢1+1—2¢||)

3. Ziy] =

A = population size
[ = parent number



1\
Zk+1 = F(Zk72k+17 e

1 k41
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LA
Zi+1 = :"_(Z/<,Zk+17 e

Proposition
0 is attracting

Proof.
Take z;* = 0. Then

Zk+1 =

Average(0, ..., 0)

normalization

y Zk+1
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1\ A
Zky1 = F(zi, zilys - -5 2k1)

Proposition
0 is attracting, and F(0, ) is submersive at 0.

Proof.

F(0,ht, ... h") =0+ Average(h',..., h") 4+ o(h',... ")
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Corollary

Iffe{

, 7 } , {zt}ten is irreducible and aperiodic.
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Scheme of proof:
1. irreducibility and aperiodicity of {z;}sen

2. drift condition: 3K C R? compact and V: R — [1, +o0]

E[V(z21)] < (1 —¢)V(z) Vzo €K

3. deduce convergence from the ergodicity
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Proposition

Iff {}

Elllze1all [ ze] < (1 =) x [|z]]

IfHZtH >1
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Proposition

IFf € {}
Ell|zesall | 2] < (1—¢) x ||z

Theorem

Iff e {, ,}: {zt}ten is ergodic.

IfHZtH >1
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Scheme of proof:
1. irreducibility and aperiodicity of {z;}sen

2. drift condition: 3K € R? compact and V: RY — [1, 4+o0]

E[V(21)] < (1 —e)V(z) Yz &K

3. deduce convergence from the ergodicity
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Theorem

Iff {, , } ES converges linearly (or geometrically):

1 _ * _ *
lim floginmt ulll = lim E [log 7Hmt+l il = —CR.
tooo t 7 |lmo — x*|| oo [[me —x*|
Proof
l|og HmT _X*H
T 7 [[mo — x*||
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1 — X -
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1 A 2
Xt+17"‘7Xt+1 NN(mt,O'tCt)

where C; is the covariance matrix at iteration t
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Xt+17"‘7Xt+1 NN(mt,O'tCt)

where C; is the covariance matrix at iteration t

xt) is the best point among {x} 1, ..., X1}
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1 A 2
Xt+17"‘7Xt+1 NN(mt,O'tCt)

where C; is the covariance matrix at iteration t

x}jr’\l is the best point among {xt1+1, oo 7Xt>\+1}

Idea: sample more in the direction x}y — m; at iteration ¢ + 1
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If v is a vector,

v is a matrix with range collinear to v
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If v is a vector,

v is a matrix with range collinear to v:

<
V=VvRV=VXV

T
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If v is a vector,

v is a matrix with range collinear to v:

—
v T

=VvRV=VXYV

1)
Cty1 = Positive combination | Ci, x;17 — m;

favors more the sampling in the direction x}j — m; than C;
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Algorithm 4 ES with covariance matrix adaptation

Goal: Xn;]i@ f(x)
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\_/_/
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Algorithm 4 ES with covariance matrix adaptation

Goal: min f(x)
x€ERI

Repeat (m; € RY, 5, >0, C, = 0)

e

//—;\

\—/_/
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Algorithm 4 ES with covariance matrix adaptation

Goal: min f(x)
x€eRd

s

Repeat (m; € R?, o, >0, C; = 0) -Q
//—.?‘

e

\_/_/
R —

A = population size
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Goal: min f(x)
x€ERI
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Repeat (m; € RY, 5, >0, C, = 0) M3
1 Xl+1 X)\+1 NN(mt U%Ct) /_/—" N
. t P A 2 9
2. sort f(x{,q):
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Algorithm 4 ES with covariance matrix adaptation

Goal: min f(x)
x€ERI
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A = population size
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Algorithm 4 ES with covariance matrix adaptation

Goal: min f(x)

x€R4

Repeat (m; € RY, 5, >0, C, = 0)

1.
2.

1

A 2
Xip1y-- s Xppr ~ N(me, 07 C)

sort f(x{,q1):
fain) < < f )
1\ A

mey1 = Average(x; "y, ..., X1

)

A = population size

[ = parent number
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x€R4
Repeat (m; € RY, 5, >0, C, = 0)
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Algorithm 4 ES with covariance matrix adaptation

Goal: min f
oa Xn;]IR[L (X)

Repeat (m; € RY, 5, >0, C, = 0)
Loxtiq, Xy ~ N(me, 07 C)
2. sort f(x{,q):

) < ()
1 iy ]

3. myy1 = Average(x; 'y, ..., X,

4. 0441 = oy X increasing function (||mer1 — my||)

—
5. C:;,1 = Positive combination (Ct,Average [(xt’J;\l - mt)D

A = population size

[ = parent number
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Observations:

lim m; = x*
t—o00
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Observations:

lim
t—o00

lim m; = x*
t—o00

Ot = lim Ct =0
t—o0
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Observations:

lim m; = x*
t—o00

lim Ot — lim CtZO
t—o00 t—o0

and

. Ct . —1
lim E | ———————| o Hessian(f)

t—00 normalization



Observations:

lim m; = x*
t—o00

lim Ot — lim CtZO
t—o00 t—o0

and

o Hessian(f) ™1

. Ct
lim —_—
t—00 normalization

For the proof: we rely (again) on Markov chains
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Ot

m; — x*

B )\min(Ct)
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— X*
mg

in(Ct)
B Ot )\m

Ce
)\min ( Ct)
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m; — x*
Ot )\min(Ct)

Ce
Amin(Ct)

Zy =

Zt:

Proposition

Iff e { } then {(z¢,X+)}ten is @ Markov chain.
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Scheme of proof:
1. irreducibility and aperiodicity of {(z:, t)}ten

2. drift condition: 3K € R? x A~} ({1}) compact and

min

VRS % AL ({1)) = [L o]

E[V(zl,Zl)] < (]_ - E)V(Zo,ZO) V(Zo,ZO) ¢ K

3. deduce convergence from the ergodicity
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Scheme of proof:
1. irreducibility and aperiodicity of {(z:, ¥;)}ten

2. drift condition: 3K € R? x A~} ({1}) compact and

min

VRS % AL ({1)) = [L o]
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0* is attracting when

. *
E|X1,X2,..., ||m Fk(go,xl_k) :9
k—o00

Theorem
If

= J0* attracting

o X, X
such that Fi(0*,-) is a submersion at x; ,,

then, {0:}+cn is irreducible and aperiodic.
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(Zk-i-lazk-i-l) = F(Zka zkazlili\la s 722\-:',-)\1)
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(Zk-i-lvzk-i-l) = F(Zka zkazlilii\la s 722\-:',-)\1)

Proposition
(0, ly) is attracting
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(Zk-l-lvzk-i-l) = F(Zka zkazl%:—i\l’ s vzli\-:&-)\l)

Proposition
(0, ly) is attracting, and F (0, l4,-) is submersive somewhere.
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(Zk-l-lvzk-i-l) = F(Zka zkazl%:—i\l’ s vzli\-:&-)\l)

Proposition
(0, ly) is attracting, and F (0, l4,-) is submersive somewhere.

Corollary

Iffe{

aperiodic.

, ,} , {zt, Lt }een is irreducible and
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Scheme of proof:
1. irreducibility and aperiodicity of {(z;, X¢)}ten

2. drift condition: 3K ¢ RY x Al ({1}) compact and

min

VRS %L ({1)) = [L oo

E[V(z1,Z1)] < (1 —e)V(20,X0) Y(20,%0) €K

3. deduce convergence from the ergodicity
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V(z,X) = linear combination(||z||, ||Z|))
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V(z,X) = linear combination(||z||, ||Z|))

Proposition

If f = , then:

E[V(Zt+1, Zt+1) | Zt, Zt] < (1 — E) X V(Zt,zt)

when ||z¢]] > 1 or ||Z:]| > 1
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When [[Ze] > |z
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When Amax(Z¢) > || z:]|%:
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When Amax(E¢) > [|z¢]|?: we want

E¢ [linear combination(||ze+1|%, 1Ze1])]

< (1 —€) x linear combination(||z||, [|Z¢]|)
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When Amax(Z¢) > [|z:]|?: we want

Ee[[[Feall] < (1 = &) x [
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When Amax(Z¢) > [|z:]|?: we want

E; [Amax(zt—&-l)] < (1 - 5) X )\max(zt)
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Proposition

©)
When N :

IE[)\max(zt—i-l)] < (]- - 5) X )\max(zt)
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When ||z¢|? > ||Z¢]):
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When ||z¢||? > ||Z¢]|: we want

E; [linear combination(||ze+1|%, [ Zet1]])]

< (1 — ¢€) x linear combination(||z:||?, || Z¢]|)
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When ||z¢||? > ||Z¢]|: we want

Et [|ze41]%] < (1 =) x ||z]|?
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When ||z¢||? > ||Z¢]|: we want

Et [|ze41]%] < (1 =) x ||z]|?

my — x*

Ot Amin(Ct)
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When ||z¢||? > ||Z¢]|: we want

Et [|ze41]%] < (1 =) x ||z]|?

my — x*
Zp = ———
Ot Amin(Ct)
Update mean(z;)
Zt+1 =

normalization
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When ||z¢||? > ||Z¢]|: we want

Et [|ze41]%] < (1 =) x ||z]|?

my — x*
Zp = ———
Ot )\min(Ct)
Update mean(z;)
Zt+1 =

normalization

. . Ot+1 Ami Ct 1
normalization = —-= min(Ce+1)

Ot )\min(Ct)
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When [|z]|? > ||Z¢]: we want

Ee [[lzeal?] < (1—¢) x [l

5 mg — x*

t=
Ot/ )\min(Ct)
Update mean(z;)

Zt4+1 =

normalization

Ot+1 )\min(Ct+1)

normalization =

Ot )\min(Ct)
——
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ot+1 = ot X increasing function(||me+1 — m¢||)
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Ot+1
Ot

= increasing function(||ze4+1 — z¢||)

65















Ot+1
Ot

= increasing function(||ze4+1 — z¢||)

Proposition

——]

o

When et

E[||zt+1 — zt||]] = constant.



Ot+1
Ot

= increasing function(||ze4+1 — z¢||)

Proposition

——]

o

When et

E[||zt+1 — zt||]] = constant.

Corollary
d increasing function s.t.:

E [lzelP] < (1 =€) x ||z[?
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V(z,X) = linear combination(||z||, ||Z|))

Proposition

If f = , then:

E[V(Zt+1, Zt+1) | Zt, Zt] < (1 — E) X V(Zt,zt)

when ||z¢]] > 1 or ||Z:]| > 1
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Corollary
ifF =19, (20, T0)beens is ergodic.
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Scheme of proof:
1. irreducibility and aperiodicity of {(z:, +)}ten
2. drift condition: 3K € R x A}

ViRY x AL ({1}) — [1,+ogiin

({1}) compact and

]E[V(zl,Zl)] < (1 - 6)\/(20,20) V(ZO,Z()) g K

3. deduce convergence from the ergodicity
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Theorem
Iff = , CMA-ES converges linearly (or geometrically).
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Theorem
Iff = , CMA-ES converges linearly (or geometrically).

Question: how to extend to f = ?

71
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(mo, Co)

(me
0 Go)

min f(x)

min f(
Bx
+ b)

(m1, Gi)

\U_l

(m
1 C{)
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Algorithm 1 Our first ES

Goal: min f(x)
x€R4
Repeat: (Given m; € RY)

1 A
LoXfiq, oo Xpy ~ N(me, lg)

2. Rank population:

(1) < < ()
A M'A)

. _ 1: :
3. Update mean: m; 1 = Average(x; j,...,x.

A = population size
[ = parent number



Algorithm 1 Our first ES

Goal: min f(x)
x€ERM
Repeat: (Given m; € RY, C, € §9.,)
LoXtiq, o Xy ~ N(me, G)

2. Rank population:

Fxin) < o< F (D)
3. Update mean: myy1 = Average(xtlﬁl, o ’Xérl

4. thl — Ct

A = population size
[ = parent number



Definition
An algorithm © = {0;};cn is affine-invariant if
(i)

0, min £(x)

06 min f(Bx + b) 0,1

(ii) From 6p, © can reach a trajectory which starts at 6 = W(6p).
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Theorem
CMA-ES is affine-invariant.
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Theorem
CMA-ES is affine-invariant.

Theorem

Iff e {,}

lim m; = x*
t—00

geometrically
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Theorem

fe {}

lim

t—+o00

Proof.

?|

Ce

normalization

} x Hessianfl(f)
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Theorem

fe {}

lim
t—+o00

Proof.

When f = :

?|

Ce

normalization

} x Hessianfl(f)
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Theorem

f e {,}
lim E [Ct
t—+o0 normalization
Proof.
When f = (@),

} o Hessian1(f)

Rx:

for R a rotation matrix.
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Theorem

fe {}

lim E [Ct} o Hessian1(f)

t—+o0 normalization

Proof.

When f =

Rx:

for R a rotation matrix.

RC:R"T behaves like C;
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Theorem

fe {}

G

t—+00 normalization

lim E{ } o Hessian™*(f)

Proof.

When f::
R><:

for R a rotation matrix.

) RC:RT Ct
lim — | = lim _—
t—+oco normalization t—+00 normalization

7



Theorem

fe {}

C
lim E {t} x Hessianfl(f)
t—-+oco normalization

Proof.

When f =

R><:

for R a rotation matrix.

R x lim E{Ct}— lim E[G]XR

t—+00 normalization t——+o00 normalization
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Theorem

fe {}

lim

Proof.

When f =

for R a rotation matrix.

lim
t—+o00

Ef——F———
t—+o0 normalization

Ct :| X HeSSianfl(f)

Rx:

C
normalization

7



Theorem

fe{

)

t—+oco normalization

lim E {Ct} o Hessian™1(f)

Proof.

When f =

. Ct
[im —_— | x Iy
t—+o00 normalization

When f = : OJ

7



Theorem

fe {}

C
||m E |:t:| X HeSSian—l(f-)
t—+oo | normalization

Proof.
When f = :

lim E |:Ct:| x Iy
When f = :

C: behaves like Hessian/?C,({@)Hessian~/2

7



Theorem

fe {}

C
||m E |:t:| X HeSSian—l(f-)
t—+oo | normalization

Proof.
When f = [©);

t=oo normalization

lim E [Ct} Iy
When f = :

t——+00 norma“ZatiOn

Iim E |:Ct:| o HeSSian_l(f)
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Ot+1 = 0¢ X increasing function (||me+1 — me|)
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ot4+1 = 0¢ X increasing function (||mep1 — my||)

Goal: remember previous iterations to update o.
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Ot+1 = 0¢ X increasing function (||me+1 — me|)

Goal: remember previous iterations to update o.

path{ ; = linear function (path?, my11 — m;)
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Ot+1 = 0¢ X increasing function (||me+1 — me|)

Goal: remember previous iterations to update o.
path{ ; = linear function (path?, my11 — m;)

New update:

Ot41 = 0t X increasing function(||path?, ;||)

78



pathf ; = linear function (pathf, me 1 — my)

79



pathf ; = linear function (pathf, me 1 — my)

o
C¢1+1 = Linear combination (Ct, Average[x;:7; — m¢], path§+1>
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Algorithm 5 CMA-ES

Goal: min f(x)

x€Rd
Repeat (m; € R, 5. >0, C, = 0)

Loxtiq, o Xy ~ N(me, 07 C)
2. sort f(x{q):
() € )
1:) xl:A)

3. myy1 = Average(x; iy, ..., X,

0¢+1 = 0+ X increasing function (||mer1 — me|)

s
Cty1 = Linear combination (Ct,Average [(x{j‘l - mt)}

A = population size
[ = parent number
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Algorithm 5 CMA-ES

Goal: min f(x)

x€Rd
Repeat (m; € R, 5. >0, C, = 0)

].. thJrl" - 7XtA+1 NN(mt,O-gct)
2. sort f(x{q):
L) << 7 ()
1\ u:A)

3. myy1 = Average(x; iy, ..., X,

4. path?,; = Linear(path?, my 1 — my)

0¢+1 = 0+ X increasing function (||mer1 — me|)

s
C; 1 = Linear combination (Ct,Average [(xt’j‘l — mt)}

A = population size
[ = parent number
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0ti1 = 0t X increasing function (||path?, |

s
C; 1 = Linear combination (Ct,Average [(xt’j‘l — mt)}
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[ = parent number
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Algorithm 5 CMA-ES

Goal: min f(x)
x€Rd

Repeat (m; € R, 5. >0, C, = 0)

Loxtiq, o Xy ~ N(me, 07 C)
2. sort f(x{q):
() € < ()

1\ u:A)

3. myy1 = Average(x; iy, ..., X,

4. path?,; = Linear(path?, my 1 — my)
0ti1 = 0t X increasing function (||path?, |
5. pathf, ; = Linear(pathy, mey1 — my)
i - )
C; 1 = Linear combination (Ct,Average |:(Xt+1 — mt)}

A = population size
[ = parent number
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Algorithm 5 CMA-ES

Goal: min f(x)
x€Rd

Repeat (m; € R, 5. >0, C, = 0)

Loxtiq, o Xy ~ N(me, 07 C)
2. sort f(x{q):
() € < ()

1\ A
Xt+1>""Xt+l)

3. mer1 = Average(

4. path?, ; = Linear(path?, m;11 — m;)
0ti1 = 0t X increasing function (||path?, |
5. pathf, ; = Linear(pathy, mey1 — my)

e
C; 11 = Linear combination (Ct,Average [(xl{j‘l — mt)} ,path‘t"ﬂ)

A = population size

[ = parent number 80



Zy —

mj_-—X>‘<

Ot/ )\min(Ct)
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— X
\m/t in(Ct)
Tt/ Amin
Ce
)\min(Ct)

Zy —

Zt:
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my — x*
ey Amin(Ce)

Ce
Amin(Ct)

Zy —

Zt:

pathy?

normalized path;” = ———F——
normalization
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my — x*
767/ Amin(Co)

Ce
Amin(Ct)

Zy —

Zt:

pathy?

normalized path;” = ———F——
normalization

Proposition
Iff € {, } then {(z¢, X+, n. pathg, n. path?)}ten

is a Markov chain.
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When X is infinite:

Theorem
If {0+ }ten is an irreducible, aperiodic Markov chain, then it is
ergodic if

E[V(0¢41) | 0] < (1 —e)V(0:) if O & compact set

for some V: X — [1, +o0].
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When X is infinite:

Theorem
If {0+ }ten is an irreducible, aperiodic Markov chain, then it is
ergodic if

E[V(Orsnes,)) | 0:] < (1 — )"V (0,) if6, & compact set

for some V: X — [1, +o0].
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V(z,X,n. path®, n. path?) = linear combination(]|z||, ||X||, ||n. paths||?)
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V(z,X,n. path®, n. path?) = linear combination(]|z||, ||X||, ||n. paths||?)

Proposition
Iff = , then:

E[V (iteration;y) | iteration;] < (1 — ) x V/(iteration;)

when ||z¢|| > 1 or ||X¢|| > 1 or ||n. pathg|| > 1 or||n. path]| > 1.
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Theorem

Iff e {

}.-

lim m; = x* geometrically
t—o00

and

) C
imE|———— | =H!
t—00 normalization
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Thank you!



