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The (j1/p1, A)-ES

Goal:

minimize f(x).
x€eR"

Algorithm One (1/ 1, A)-ES iteration
Given: X; ¢ R", 0 >0
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Goal:

minimize f(x).
x€eR"

Algorithm One (1/ 1, A)-ES iteration
Given: X; ¢ R", 0 >0
e Sample U}, ,..., U}, ~N(0,1,) i.id. ;
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The (j1/p1, A)-ES

Goal:

minimize f(x).
x€eR"

Algorithm One (1/ 1, A)-ES iteration
Given: X; ¢ R", 0 >0
e Sample U}, ,,..., U\, NN(O, Ip) iid. ;
o Sort f(X¢ + 0. ULD) < - < F(Xe + 0:UD) 5
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The (j1/p1, A)-ES

Goal:

minimize f(x).
x€eR"

Algorithm One (1/ 1, A)-ES iteration
Given: X; ¢ R", 0 >0
e Sample U}, ,,..., U\, NN(O, Ip) iid. ;

e Sort f(Xt+O'tUt+1) f(Xt'i_o'tU?\_i_i\) )
e Update the mean X1 = X; + ko b w; UtJrl :
(]
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The (j1/p1, A)-ES

Goal:

minimize f(x).
xEeR"

Algorithm One (u/p, \)-ES iteration
Given: X; e R", 0 >0
e Sample U}, ,,..., U}, NN(O, lp) i.id. ;
o Sort f(X; + 0, ULY) <+ < F(Xe + 0: U D)
e Update the mean X; 1 = X; + ro: E, L Wi UtJrl :

o Update the step-size 01 = 5(Xes1, (ULL))i, 0¢).
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The (j1/p1, A)-ES

Goal:

f
ml)rgel%ljze (x).

Algorithm One (u/p, \)-ES iteration

Given: X; € R", 0+ >0
e Sample U}, ,,..., U}, NN(O, lp) iid. ;
o Sort f(X; + 0 UEY) <+ < F(Xe + 0: U D)
e Update the mean X; 1 = X; + ko Z Wi UtJrl :

e Update the step-size 011 = 7(X¢t1, (Ut—i-)i)l? Ot).

The coefficient & is the learning rate (of the mean). Usually x = 1.
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Linear convergence

1 ||Xt—X*|| T 1 Ot
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Linear convergence
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Influence of the learning rate x on the convergence rate

The convergence rates (on the sphere function) of the (1/p, A)-ES writes
as

CR = ——]Eln

b\ Xt+HUtZWIUt+1

i=1
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Influence of the learning rate x on the convergence rate

The convergence rates (on the sphere function) of the (1/p, A)-ES writes
as

CR = ——]Eln

b\ Xt+HO-tZWIUt+1

i=1

@ It does not depend on the starting point, i.e. we can choose X; = e; ;
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Influence of the learning rate x on the convergence rate

The convergence rates (on the sphere function) of the (1/p, A)-ES writes
as

CR = ——]Eln

b\ Xt+HO-tZWIUt+1

i=1

@ It does not depend on the starting point, i.e. we can choose X; = e; ;

@ We suppose here that the step-size is proportional to the distance to
the optimum o = || Xy — x*||.
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Influence of the learning rate x on the convergence rate
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The (u/p, A)-ES with dynamic learning rate

Algorithm One (u/p, \)-ES iteration
Given: X; e R", g > 0
e Sample U}, ,..., U}, NN(O, l,)iid. ;
o Sort f(X; + o, UEY) < -+ < F(Xe + 0 U D)
e Update the mean X 1 = X; + ko b w; Uﬁﬂri‘ :
e Update the step-size ;11 = 5(X¢t1, (Ugfi),, Tt).
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The (u/p, A)-ES with dynamic learning rate

Algorithm One (u/p, \)-ES iteration with dynamic learning rate

Given: X; € R", 0 >0, k+ >0
Sample U}, ,,..., U}, NN(O, In) iid. ;
Sort f(X; + atutﬂ) < F(Xe + 0 UND)

Update the mean X1 = X; + fe10e Doy wiUL

Update the step-size 0:11 = 7(X¢41, (Ugfi),, ot) .

Compute the learning rate ;11 = &(X¢, 00 Yty wiULY, Ke)
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Examples

o Fixed learning rate R(x, v, k) =1,
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Examples

o Fixed learning rate R(x, v, k) =1,

® Perfect line search k(x, v, k) = argmin, o f(x + Kv).
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Convergence results

Suppose the learning rate update & is independent of the parameter , and
satisfies

Armand Gissler (Inria, Polytechnique) Learning rate adaptation in ES GECCO 2022 9/15



Convergence results

Suppose the learning rate update & is independent of the parameter , and
satisfies
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R(rx,rv) = R(x, v).
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(A2) Rotation-invariance:

R(Rx, Rv) = R(x,v).
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Convergence results

Suppose the learning rate update & is independent of the parameter , and
satisfies

(A1) Scaling-invariance:
R(rx,rv) = R(x, v).

(A2) Rotation-invariance:

R(Rx, Rv) = R(x,v).

If &: R" x R" — R satisfies (A1) and (A2), then linear convergence
holds for (y1/1, X)-ES with dynamic learning rate &, and

CR=—-—_FE

)\ T Xt aF Rt4+10¢t Z Wi Ut+1

i=1
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Asymptotic limit of the convergence rates

This result apply to perfect line search k(x, v) = argmin, o f(x + kv)
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Asymptotic limit of the convergence rates

This result apply to perfect line search k(x, v) = argmin, .o f(x + kv),
and to a learning rate fixed to 1 (x, v) = 1.
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Asymptotic limit of the convergence rates

This result apply to perfect line search k(x, v) = argmin, .o f(x + kv),
and to a learning rate fixed to 1 (x, v) = 1.
For a fixed learning rate we know that

i nCR — _ZQE [ P W;./\/'i:)‘] + a2/,u,,,,7
n—o0 2A
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Asymptotic limit of the convergence rates

This result apply to perfect line search k(x, v) = argmin, .o f(x + kv),
and to a learning rate fixed to 1 (x, v) = 1.
For a fixed learning rate we know that

i nCR — _ZQE [ P W;./\/'i:)‘] + a2/,u,,,,7
n—o0 2A

given that, for all dimensions n, o = o|| X; — x*||/n.
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Asymptotic limit of the convergence rates

This result apply to perfect line search k(x, v) = argmin, .o f(x + kv),
and to a learning rate fixed to 1 (x, v) = 1.
For a fixed learning rate we know that

i nCR — _ZQE [ P W;./\/'i:)‘] + a2/,u,,,,7
n—o0 2A

given that, for all dimensions n, o = o|| X; — x*||/n.

Suppose that f = || - ||2, that R(x, v) = argmin,.>q f(x + kv) (cost-free
perfect line search),
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Asymptotic limit of the convergence rates

This result apply to perfect line search k(x, v) = argmin, .o f(x + kv),
and to a learning rate fixed to 1 (x, v) = 1.
For a fixed learning rate we know that

i nCR — _ZQE [ P W;./\/'i:)‘] + a2/,u,,,,7
n—o0 2A

given that, for all dimensions n, o = o|| X; — x*||/n.

Suppose that f = || - ||2, that R(x, v) = argmin,.>q f(x + kv) (cost-free
perfect line search), and that oy = a|| Xy — x*||/n.
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Asymptotic limit of the convergence rates

This result apply to perfect line search k(x, v) = argmin, .o f(x + kv),
and to a learning rate fixed to 1 (x, v) = 1.
For a fixed learning rate we know that

i nCR — _ZQE [ P W;./\/'i:)‘] + a2/,u,,,,7
n—o0 2A

given that, for all dimensions n, o = o|| X; — x*||/n.

Suppose that f = || - ||2, that R(x, v) = argmin,.>q f(x + kv) (cost-free
perfect line search), and that oy = a|| Xy — x*||/n. Then

2

n

. I (1P

n|l_>ngo nCR = 2—;\"1{5 (Z wiN ) 12’;}:1 WNTA<0
i=1
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Numerical estimation of the convergence rates
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Figure: Convergence rate versus step-size without line search (solid lines) and
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with perfect line search (dashed lines).
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Convergence rate gain due to perfect line search
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Example: a dichotomic line search

Algorithm Dichotomic line search
Given: X e R", veR"” k9>0
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Example: a dichotomic line search

Algorithm Dichotomic line search
Given: X e R", veR"” k9>0

@ K00 = H0/2, K1,0 = Ko X 2
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Example: a dichotomic line search

Algorithm Dichotomic line search
Given: X e R", veR" kg>0

@ Ko,0 = H0/2, K10 = Ko X 2
@ Fori=0:
o Y5i=x+rsvford=0,1
o
o
o
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Example: a dichotomic line search

Algorithm Dichotomic line search
Given: X e R", veR" kg>0

@ Ko,0 = H0/2, K10 = Ko X 2

e Fori=0:
o Y5i=x+rsvford=0,1
o 0% =argminy (Y5,)
o

Armand Gissler (Inria, Polytechnique) Learning rate adaptation in ES GECCO 2022 13/15



Example: a dichotomic line search

Algorithm Dichotomic line search
Given: X e R", veR" kg>0

@ Ko,0 = H0/2, K10 = Ko X 2
@ Fori=0:
o Y5i=x+rsvford=0,1
0% = argming f(Ys,;)

(]
@ Kgx itl = Kex i
]
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Example: a dichotomic line search
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Example: a dichotomic line search

Algorithm Dichotomic line search
Given: X c¢R", veR"” k9>0

@ Koo = H0/2, K1,0 = Ko X 2

@ Fori=0:

Ys5i =X+ ksivford=0,1

0% = argming f(Ys,;)

Ko*,itl = Ké=,i

K1—s+,i+1 = Mean(ks- i, K15+ ;)
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Example: a dichotomic line search

Algorithm Dichotomic line search
Given: X c¢R", veR"” k9>0

@ Koo = H0/2, K1,0 = Ko X 2

@ Fori=0,1,...:

Ys5i =X+ ksivford=0,1

0% = argming f(Ys,;)

Ko*,itl = Ké=,i

K1—s+,i+1 = Mean(ks- i, K15+ ;)
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Example: a dichotomic line search
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Convergence rates
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Figure: Convergence rate versus step-size without line search (solid lines) and

with dichotomic line search (dashed lines).
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Thank you!
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