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Control model [Meyn & Caines 1991, Meyn & Tweedie 2012]

θk+1 = F (θk , vk+1) (CM(F))

� F : X× V → X smooth (C∞)

� {vk+1} i.i.d. with a l.s.c. density p

� X ⊂ Rn, V ⊂ Rp open.

Theorem

(i) If CM(F) is forward accessible, then {θk}k∈N is a T-chain ;

(ii) then, {θk}k∈N is irreducible ⇔ there exists a globally

attracting state ;

(iii) the (a)periodicity of CM(F) is equivalent to the (a)periodicity

of {θk}k∈N.

2



Control model [Meyn & Caines 1991, Meyn & Tweedie 2012]

θk+1 = F (θk , vk+1) (CM(F))

� F : X× V → X smooth (C∞)

� {vk+1} i.i.d. with a l.s.c. density p

� X ⊂ Rn, V ⊂ Rp open.

Theorem

(i) If CM(F) is forward accessible, then {θk}k∈N is a T-chain ;

(ii) then, {θk}k∈N is irreducible ⇔ there exists a globally

attracting state ;

(iii) the (a)periodicity of CM(F) is equivalent to the (a)periodicity

of {θk}k∈N.

2



Control model [Meyn & Caines 1991, Meyn & Tweedie 2012]

θk+1 = F (θk , vk+1) (CM(F))

� F : X× V → X smooth (C∞)

� {vk+1} i.i.d. with a l.s.c. density p

� X ⊂ Rn, V ⊂ Rp open.

Theorem

(i) If CM(F) is forward accessible, then {θk}k∈N is a T-chain ;

(ii) then, {θk}k∈N is irreducible ⇔ there exists a globally

attracting state ;

(iii) the (a)periodicity of CM(F) is equivalent to the (a)periodicity

of {θk}k∈N.

2



Control model [Meyn & Caines 1991, Meyn & Tweedie 2012]

θk+1 = F (θk , vk+1) (CM(F))

� F : X× V → X smooth (C∞)

� {vk+1} i.i.d. with a l.s.c. density p

� X ⊂ Rn, V ⊂ Rp open.

Theorem

(i) If CM(F) is forward accessible, then {θk}k∈N is a T-chain ;

(ii) then, {θk}k∈N is irreducible ⇔ there exists a globally

attracting state ;

(iii) the (a)periodicity of CM(F) is equivalent to the (a)periodicity

of {θk}k∈N.

2



Control model [Meyn & Caines 1991, Meyn & Tweedie 2012]

θk+1 = F (θk , vk+1) (CM(F))

� F : X× V → X smooth (C∞)

� {vk+1} i.i.d. with a l.s.c. density p

� X ⊂ Rn, V ⊂ Rp open.

Theorem

(i) If CM(F) is forward accessible, then {θk}k∈N is a T-chain ;

(ii) then, {θk}k∈N is irreducible ⇔ there exists a globally

attracting state ;

(iii) the (a)periodicity of CM(F) is equivalent to the (a)periodicity

of {θk}k∈N.

2



Control model [Meyn & Caines 1991, Meyn & Tweedie 2012]

θk+1 = F (θk , vk+1) (CM(F))

� F : X× V → X smooth (C∞)

� {vk+1} i.i.d. with a l.s.c. density p

� X ⊂ Rn, V ⊂ Rp open.

Theorem

(i) If CM(F) is forward accessible, then {θk}k∈N is a T-chain ;

(ii) then, {θk}k∈N is irreducible ⇔ there exists a globally

attracting state ;

(iii) the (a)periodicity of CM(F) is equivalent to the (a)periodicity

of {θk}k∈N.

2



Control model [Meyn & Caines 1991, Meyn & Tweedie 2012]

θk+1 = F (θk , vk+1) (CM(F))

� F : X× V → X smooth (C∞)

� {vk+1} i.i.d. with a l.s.c. density p

� X ⊂ Rn, V ⊂ Rp open.

Theorem

(i) If CM(F) is forward accessible, then {θk}k∈N is a T-chain ;

(ii) then, {θk}k∈N is irreducible ⇔ there exists a globally

attracting state ;

(iii) the (a)periodicity of CM(F) is equivalent to the (a)periodicity

of {θk}k∈N.

2



Control model [Meyn & Caines 1991, Meyn & Tweedie 2012]

θk+1 = F (θk , vk+1) (CM(F))

� F : X× V → X smooth (C∞)

� {vk+1} i.i.d. with a l.s.c. density p

� X ⊂ Rn, V ⊂ Rp open.

Theorem

(i) If CM(F) is forward accessible, then {θk}k∈N is a T-chain ;

(ii) then, {θk}k∈N is irreducible ⇔ there exists a globally

attracting state ;

(iii) the (a)periodicity of CM(F) is equivalent to the (a)periodicity

of {θk}k∈N.

2



Forward accessibility

θk+1 = F (θk , vk+1) (CM(F))

= Fk+1(θ0, v1, . . . , vk+1)

for v1, . . . , vk+1 ∈ O = supp p.

A+(θ) = {Fk(θ, v1, . . . , vk) | k ∈ N, v1, . . . , vk ∈ O}

CM(F) is forward accessible when A+(θ)

has nonempty interior

Ck = Jacv1..kFk(θ, v1, . . . , vk)

Then:

CM(F) is forward accessible

⇔ ∀θ, ∃v1, . . . , vk ∈ O, rankCk = n.
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Globally attracting state

x∗ is globally attracting when

∀θ0,∃v1, . . . , vk ∈ O = supp p,

Fk(θ0, v1, . . . , vk) ∈ Neighborhood(x∗)

If

Ck(x
∗, v1, . . . , vk) = Jacv1..kFk(x

∗, v1, . . . , vk)

is of rank n,

then ∀θ, ∃u1, . . . , uj ∈ O,

rankCk(θ, u1, . . . , uj) = n
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Aperiodicity of (CM(F))

(CM(F)) is aperiodic ⇔ ∃ a steadily attracting state

θ∗ is steadily attracting when for any θ0 ∈ X,

∃v1, v2, · · · ∈ O = supp p,

lim
k→∞

Fk(θ0, v1, . . . , vk) = θ∗

5



Aperiodicity of (CM(F))

(CM(F)) is aperiodic ⇔ ∃ a steadily attracting state

θ∗ is steadily attracting when for any θ0 ∈ X,

∃v1, v2, · · · ∈ O = supp p,

lim
k→∞

Fk(θ0, v1, . . . , vk) = θ∗

5



Control model [Meyn & Caines 1991, Meyn & Tweedie 2012]

θk+1 = F (θk , vk+1) (CM(F))

� F : X× V → X smooth (C∞)
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� F : X× V → X smooth (C∞)

� {vk+1} i.i.d. with a l.s.c. density p

� X ⊂ Rn, V ⊂ Rp open.

Theorem
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Example

θk+1 = θk + vk+1

with vk+1 ∼ N (0, Id).

Then: 0 is globally attracting.

Proof.
Set v1 = −θ0 ∈ supp pN .

Then: rank JacvF (0, v) = n

Proof.
JacvF (0, v) = In
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Control model [Chotard & Auger 2019]

Consider θk+1 = F (θk , vk+1) (CM(F))

� F : X× V → X smooth (C∞)

� {vk+1} i.i.d. with a l.s.c. density p

� X ⊂ Rn, V ⊂ Rp open.

Theorem
Suppose that θ∗ is steadily attracting, i.e., for θ0 ∈ X,

∃v1, v2, · · · ∈ O, limFk(θ0, v1, . . . , vk) = θ∗.

If ∃v1, . . . , vk ∈ O, such that

Ck = Jacv1..kFk(θ
∗, v1, . . . , vk)

is of rank n, then {θk}k is an irreducible aperiodic T-chain. 8
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Control model [Chotard & Auger 2019]

Consider θk+1 = F (θk , vk+1) (CM(F))
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Control model [Chotard & Auger 2019]

Consider θk+1 = F (θk , α(θk , uk+1)) (CM(F))

� F : X× V → X is C1

� {vk+1} such that vk+1 = α(θk , uk+1) ∼ pθk l.s.c.

� X ⊂ Rn, V ⊂ Rp open.
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Application: Evolution Strategies (ES)

Find x∗ ∈ argmin
x∈Rd

f (x) (P)

ES approximate x∗ by N (mk , σ
2
k Id) by updating

θk = (mk , σk) ∈ Rd × R++.

9



Application: Evolution Strategies (ES)

Find x∗ ∈ argmin
x∈Rd

f (x) (P)

ES approximate x∗ by N (mk , σ
2
k Id)

by updating

θk = (mk , σk) ∈ Rd × R++.

9



Application: Evolution Strategies (ES)

Find x∗ ∈ argmin
x∈Rd

f (x) (P)

ES approximate x∗ by N (mk , σ
2
k Id) by updating

θk = (mk , σk) ∈ Rd × R++.

9



Algorithm: ES with stepsize adaptation

Algorithm 1 ES

Goal: min
x∈Rd

f (x)

Given: m0 ∈ Rd , σ0 > 0

For k = 0, 1, 2, . . . :

1. u1k+1, . . . , u
λ
k+1 ∼ N (0, Id),

x ik+1 = xk + σku
i
k+1 ∼ N (mk , σ

2
k Id)

2. sort f (x ik+1):

f
(
x1:λk+1

)
⩽ · · · ⩽ f

(
xλ :λk+1

)
3. mk+1 =

∑
wix

i :λ
k+1

= xk + σk
∑

wiu
i :λ
k+1

4.

10 5 0 5 10
10.0

7.5

5.0

2.5

0.0

2.5

5.0

7.5

10.0
f : x xTAx
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Convergence via analysis of CM(F)

θk = (mk , σk) −→
k→∞

(x∗, 0)

⇒ no stationary measure

zk
def
=

mk − x∗

σk

zk+1 = F (zk , vk+1)

= exp

(
1− ∥wT vk+1∥2

E∥wTuk+1∥2

)
× (zk + wT vk+1)

with vk+1 = (u1:λk+1, . . . , u
λ :λ
k+1).
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Control model [Chotard & Auger 2019]

Consider θk+1 = F (θk , α(θk , uk+1)) (CM(F))

� F : X× V → X is C1

� {vk+1} such that vk+1 = α(θk , uk+1) ∼ pθk l.s.c.

� X ⊂ Rn, V ⊂ Rp open.

Theorem
Suppose that θ∗ is steadily attracting, i.e., for θ0 ∈ X,

∃(v1, v2, . . . ) ∈ O∞
θ0 , limFk(θ0, v1, . . . , vk) = θ∗.

If ∃(v1, . . . , vk) ∈ Ok
θ∗ , such that

Ck = Jacv1..kFk(θ
∗, v1, . . . , vk)

is of rank n, then {θk}k is an irreducible aperiodic T-chain. 12



Irreducibility of ES

zk+1 = F (zk , vk+1)

= exp

(
1− ∥wT vk+1∥2

E∥wTuk+1∥2

)
× (zk + wT vk+1)

Then: 0 is globally attracting.

Proof.

If v1 = (−z0, . . . ,−z0),

then, z1 = exp(. . . )× (z0 −
∑

wiz0) = 0.

Then: rank JacvF (0, 0) = n.

Proof.

F (0, 0 + h) = exp(1 + O(h))× wTh = wTh + o(h).

13
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Convergence

1. {zk}k∈N is irreducible and aperiodic

2. we have a drift condition with

V (z) = ∥z∥α

⇒ {zk}k∈N admits a unique invariant probability measure π and

lim
t→∞

1

t
log

∥mt − x∗∥
∥m0 − x∗∥

= lim
t→∞

1

t

t−1∑
k=0

log
∥zk+1∥
∥zk∥

− log exp

( ∥∥∑wiu
i :λ
k+1

∥∥2
E
∥∥∑wiuik+1

∥∥2 − 1

)

= −Eπ

[ ∥∥∑wiu
i :λ
∥∥2

E ∥
∑

wiui∥2
− 1

∣∣∣∣∣ u1, . . . , uλ ∼ Nd

]

Conclusion: ES converges linearly to x∗

14



Convergence

1. {zk}k∈N is irreducible and aperiodic

2. we have a drift condition with

V (z) = ∥z∥α

⇒ {zk}k∈N admits a unique invariant probability measure π and

lim
t→∞

1

t
log

∥mt − x∗∥
∥m0 − x∗∥

= lim
t→∞

1

t

t−1∑
k=0

log
∥zk+1∥
∥zk∥

− log exp

( ∥∥∑wiu
i :λ
k+1

∥∥2
E
∥∥∑wiuik+1

∥∥2 − 1

)

= −Eπ

[ ∥∥∑wiu
i :λ
∥∥2

E ∥
∑

wiui∥2
− 1

∣∣∣∣∣ u1, . . . , uλ ∼ Nd

]

Conclusion: ES converges linearly to x∗

14



Convergence

1. {zk}k∈N is irreducible and aperiodic

2. we have a drift condition with

V (z) = ∥z∥α

⇒ {zk}k∈N admits a unique invariant probability measure π

and

lim
t→∞

1

t
log

∥mt − x∗∥
∥m0 − x∗∥

= lim
t→∞

1

t

t−1∑
k=0

log
∥zk+1∥
∥zk∥

− log exp

( ∥∥∑wiu
i :λ
k+1

∥∥2
E
∥∥∑wiuik+1

∥∥2 − 1

)

= −Eπ

[ ∥∥∑wiu
i :λ
∥∥2

E ∥
∑

wiui∥2
− 1

∣∣∣∣∣ u1, . . . , uλ ∼ Nd

]

Conclusion: ES converges linearly to x∗

14



Convergence

1. {zk}k∈N is irreducible and aperiodic

2. we have a drift condition with

V (z) = ∥z∥α

⇒ {zk}k∈N admits a unique invariant probability measure π and

lim
t→∞

1

t
log

∥mt − x∗∥
∥m0 − x∗∥

= lim
t→∞

1

t

t−1∑
k=0

log
∥zk+1∥
∥zk∥

− log exp

( ∥∥∑wiu
i :λ
k+1

∥∥2
E
∥∥∑wiuik+1

∥∥2 − 1

)

= −Eπ

[ ∥∥∑wiu
i :λ
∥∥2

E ∥
∑

wiui∥2
− 1

∣∣∣∣∣ u1, . . . , uλ ∼ Nd

]
Conclusion: ES converges linearly to x∗

14



Convergence

1. {zk}k∈N is irreducible and aperiodic

2. we have a drift condition with

V (z) = ∥z∥α

⇒ {zk}k∈N admits a unique invariant probability measure π and

lim
t→∞

1

t
log

∥mt − x∗∥
∥m0 − x∗∥

= lim
t→∞

1

t

t−1∑
k=0

log
∥zk+1∥
∥zk∥

− log exp

( ∥∥∑wiu
i :λ
k+1

∥∥2
E
∥∥∑wiuik+1

∥∥2 − 1

)

= −Eπ

[ ∥∥∑wiu
i :λ
∥∥2

E ∥
∑

wiui∥2
− 1

∣∣∣∣∣ u1, . . . , uλ ∼ Nd

]

Conclusion: ES converges linearly to x∗

14



Convergence

1. {zk}k∈N is irreducible and aperiodic

2. we have a drift condition with

V (z) = ∥z∥α

⇒ {zk}k∈N admits a unique invariant probability measure π and

lim
t→∞

1

t
log

∥mt − x∗∥
∥m0 − x∗∥

= lim
t→∞

1

t

t−1∑
k=0

log
∥zk+1∥
∥zk∥

− log exp

( ∥∥∑wiu
i :λ
k+1

∥∥2
E
∥∥∑wiuik+1

∥∥2 − 1

)

= −Eπ

[ ∥∥∑wiu
i :λ
∥∥2

E ∥
∑

wiui∥2
− 1

∣∣∣∣∣ u1, . . . , uλ ∼ Nd

]
Conclusion: ES converges linearly to x∗ 14



Control model, [G., Auger & Durmus, soon submitted]

θk+1 = F (θk , α(θk , uk+1)) (CM(F))

� F : X× V → X is C1

� {vk+1} such that vk+1 = α(θk , uk+1) ∼ pθk l.s.c.

� X ⊂ Rn, V ⊂ Rp open.

Theorem
Suppose that θ∗ is steadily attracting, i.e., for θ0 ∈ X,

∃(v1, v2, . . . ) ∈ O∞
θ0 , limFk(θ0, v1, . . . , vk) = θ∗.

If ∃(v1, . . . , vk) ∈ Ok
θ∗ , such that

Ck = Jacv1..kFk(θ
∗, v1, . . . , vk)

is of rank n, then {θk}k is an irreducible aperiodic T-chain. 15



Control model, [G., Auger & Durmus, soon submitted]

θk+1 = F (θk , α(θk , uk+1)) (CM(F))

� F : X× V → X is locally Lipschitz

� {vk+1} such that vk+1 = α(θk , uk+1) ∼ pθk l.s.c.

� X ⊂ Rn, V ⊂ Rp open.

Theorem
Suppose that θ∗ is steadily attracting, i.e., for θ0 ∈ X,

∃(v1, v2, . . . ) ∈ O∞
θ0 , limFk(θ0, v1, . . . , vk) = θ∗.

If ∃(v1, . . . , vk) ∈ Ok
θ∗ , such that

Ck = Jacv1..kFk(θ
∗, v1, . . . , vk)

is of rank n, then {θk}k is an irreducible aperiodic T-chain. 15



Control model, [G., Auger & Durmus, soon submitted]

θk+1 = F (θk , α(θk , uk+1)) (CM(F))

� F : X× V → X is locally Lipschitz

� {vk+1} such that vk+1 = α(θk , uk+1) ∼ pθk l.s.c.

� X ⊂ Rn, V ⊂ Rp open.

Theorem
Suppose that θ∗ is steadily attracting, i.e., for θ0 ∈ X,

∃(v1, v2, . . . ) ∈ O∞
θ0 , limFk(θ0, v1, . . . , vk) = θ∗.

If ∃(v1, . . . , vk) ∈ Ok
θ∗ , such that any

Ck ∈ Clarkev1..kFk(θ
∗, v1, . . . , vk)

is of rank n, then {θk}k is an irreducible aperiodic T-chain. 15



Control model, [G., Auger & Durmus, soon submitted]

θk+1 = F (θk , α(θk , uk+1)) (CM(F))
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� {vk+1} such that vk+1 = α(θk , uk+1) ∼ pθk l.s.c.

� X and V are manifolds

Theorem
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Algorithm: ES with covariance matrix adapation

Algorithm 1 ES

Goal: min
x∈Rd

f (x)

Given: m0 ∈ Rd , σ0 > 0

, C0 ∈ Sd
++

For k = 0, 1, 2, . . . :

1. u1k+1, . . . , u
λ
k+1 ∼ N (0, Id),

x ik+1 = xk + σku
i
k+1 ∼ N (mk , σ

2
k Id)

2. sort f (x ik+1):

f
(
x1:λk+1

)
⩽ · · · ⩽ f

(
xλ :λk+1

)
3. mk+1 =

∑
wix

i :λ
k+1= xk + σk

∑
wiu

i :λ
k+1

4. σk+1 = σk × exp

(
∥∑wiu

i :λ
k+1∥

2

E∥∑wiu
i
k+1∥

2 − 1

)

5. Ck+1 = (1−c)Ck+c
∑

wi

[

√
Ck

ui :λt+1

] [

√
Ck

ui :λt+1

]
T

10 5 0 5 10
10.0

7.5

5.0

2.5

0.0

2.5

5.0

7.5

10.0
f : x xTAx
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Algorithm: ES with covariance matrix adapation

Algorithm 1 CMA-ES

Goal: min
x∈Rd

f (x)
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CMA-ES follows CM(F)

θk = (mk , σk ,Ck) −→
k→∞

(x∗, 0, 0)

⇒ no stationary measure

zk
def
=

mk − x∗

σk

Σk
def
=

Ck

det1/d(Ck)
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Control model, [G., Auger & Durmus, soon submitted]

θk+1 = F (θk , α(θk , uk+1)) (CM(F))

� F : X× V → X is locally Lipschitz

� {vk+1} such that vk+1 = α(θk , uk+1) ∼ pθk l.s.c.

� X and V are manifolds

Theorem
Suppose that θ∗ is steadily attracting, i.e., for θ0 ∈ X,

∃(v1, v2, . . . ) ∈ O∞
θ0 , limFk(θ0, v1, . . . , vk) = θ∗.

If ∃(v1, . . . , vk) ∈ Ok
θ∗ , such that any

Ck ∈ Clarkev1..kFk(θ
∗, v1, . . . , vk)

is of rank n, then {θk}k is an irreducible aperiodic T-chain. 18



Consequence

Corollary
Under additional assumptions on the objective function f ,

(zk ,Σk)k∈N

is a irreducible, aperiodic T-chain.

19



Drift

Then (zk ,Σk) is positive recurrent and follows a LLN if

there exists a drift V : X → [0,+∞] such that

E [V (z1,Σ1)] ⩽ (1− ε)× V (z0,Σ0) + b × 1(z0,Σ0)∈K

20



Theorem (Drift for the normalized chain)
When minimizing a spherical function f : x 7→ g

(
xT x

)
(g : R → R increasing), then the irreducible, aperiodic Markov

chain (zk ,Σk)k∈N satisfies a Foster-Lyapunov condition with the

potential defined by

V (z ,Σ) = α× ∥Σz∥2

λmax(Σ)2
+ β × λmax(Σ)

This can be generalized to when minimizing ellipsoid functions

f (x) = g(xTHx) using the affine-invariance of CMA-ES.
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Affine-Invariance

(m0,C0) (m1,C1)

(m′
0,C

′
0) (m′

1,C
′
1)

min f (x)

min f (Bx + b)

Ψ Ψ−1
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Conclusion

� (zk ,Σk)k∈N is irreducible and aperiodic ;

� it is positive recurrent ;

� we deduce a LLN and the convergence of CMA-ES.
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Thank you!
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Scaling-invariant functions
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