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Control model [Meyn & Caines 1991, Meyn & Tweedie 2012]

Okv1 = F(Ok, vir1) (CM(F))

e F: X xV — X smooth (C*)
e {viy1}iid. with a ls.c. density p

e XC R" V C RP open.

Theorem
(i) If CM(F) is forward accessible, then {0y }xcn is a T-chain ;

(ii) then, {Ok}ken is irreducible < there exists a globally
attracting state ;

(i) the (a)periodicity of CM(F) is equivalent to the (a)periodicity
of {0k} ken.
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Forward accessibility

Or+1 = F(Ok, Vir1) (CM(F))
= Fk+1(907 Viyeoos Vk+1)
for vi,...,vkr1 € O = supp p.

A+(9):{Fk(9,v1,...,vk)|k€N, V1,...,Vk€O} e

CM(F) is forward accessible when A, (0)
has nonempty interior

Cx = Jacy, Fr(0,v1,...,v)

Then:
CM(F) is forward accessible
& VO, v, ..., v € O, rank C, = n. 3
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x* is globally attracting when
V0o, dvi, ..., vk € O = supp p,

Fi(6o, v1, ..., vk) € Neighborhood(x™)

Ck(X*, Vi,..., Vk) = Jacvl“ka(x*, Vi,.. oy Vk)

is of rank n,
then V0, Juy,...,u; € O,

rank Ce(0, ur,...,uj) =n
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Aperiodicity of (CM(F))

(CM(F)) is aperiodic < 3 a steadily attracting state

0* is steadily attracting when for any 6y € X,
Jvi,va,--- € O =supp p,

lim Fk(eo, Vi,...,y Vk) = 0"
k—o0
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Okv1 = F(Ok, vir1) (CM(F))

e F: X xV — X smooth (C*)
e {viy1}iid. with a ls.c. density p

e XC R" V C RP open.

Theorem
Suppose that 0* is steadily attracting, i.e., for 0y € X,

Avi,vo, - € O =supp p, limFe(bo,vi,...,vk) =06
If dvq, ..., vk € O, such that
Ck = Jacvl“ka(H*, Vigeony Vk)

is of rank n, then {0, is an irreducible aperiodic T-chain.
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Oky1 = Ok + viy1
with Vg1 ~ N(O, Id)-
Then: 0 is globally attracting.

Proof.
Set vi = —fy € supp py. O

Then: rank Jac, F(0,v) = n

Proof.
Jac, F(0,v) = I, O
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Application: Evolution Strategies (ES)

Find x* € arg min f(x) (P)
x€R

ES approximate x* by N'(my,0%l4) by updating
Ok = (mi,0k) € RY x Ry
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Algorithm: ES with stepsize adaptation

Algorithm 1 ES

Goal: min f(x)
xeRd

Given: my € RY, 09 >0 w0

For k=0,1,2,...:

1. uk+1,.. u,’(\+1~./\f(0 la),
Xk+1—Xk+Ukuk+1 NN(mk,Ukld) s

2. sort f(x}_4): -
L) € < F ()

i

Xk

3. Mip1 =D wix 1ka—|—0kZW,uk+1

4, (Tkle'kXEXp<
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Convergence via analysis of CM(F)

Ok = (mk?ak) ’ (X*,O)
k—00
= no stationary measure

def My — x*
Zy = ———————
Ok

zi41 = F(zk, vis1)

= exp (1 — M) X (Zk + WTVk 1)
Ellw T upq1]? "

; — (1A A
with vy = (uig, -5 upia)-
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Convergence

1. {zk}ken is irreducible and aperiodic

2. we have a drift condition with

V(z) = [|z[|*

= {zx }ken admits a unique invariant probability measure 7 and

li |me — x*|]
im=log -—
tmoot - [[mg — x*||
! DI
— lim lzlog lzie1l o oo sz,ukﬂu .
to00 t L= |z E (S wiul ||
l)\
- [HZWI H ul,...,u’\NNd]
E |5 wiu|?

. X *
Conclusion: ES converges linearly to x 14



Control model, [G., Auger & Durmus, soon submitted]

Ok+1 = F(Ok, a(Ok, ux+1)) (CM(F))

e F: XxV = Xis(C!
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Ok+1 = F(Ok, a(Ok, ux+1)) (CM(F))

e F: X xV — Xis locally Lipschitz

e {vii1} such that v 1 = bk, uks1) ~ po, l.s.c.
e X and V are manifolds

Theorem
Suppose that 0* is steadily attracting, i.e., for O € X,
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Algorithm: ES with covariance matrix adapation

Algorithm 1 ES

Goal: min f(x)
xERI
Given: my € RY, 55 > 0
For k=0,1,2,...: s
1. u%(H,...,uf(‘JrlN/\/'(O,/d), -

Xjp1 = Xk + OkUjyy ~ N(me, ofla)
2. sort f(x]_4): s
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Algorithm: ES with covariance matrix adapation

Algorithm 1 CMA-ES

Goal: min f(x)
xeRd

Given: mg € R?, 59 >0, Gy € 89, N
For k=0,1,2,... .
1 A >
1. u,'(H,...,ukJrle\/'((.),/d), .
X/I<+1 = Xk + Ukmuk+1 ]
2. sort f(x,iﬂ): s

Flgin) < <)
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Algorithm: ES with covariance matrix adapation

Algorithm 1 CMA-ES
Goal: min f(x)
xERI

Given: mg € R?, 59 >0, Gy € 89, N
For k=0,1,2,...:

1. u%(Jrl,...,uf(‘Jrl NN(Q, lq),

Xjy1 = Xk + ok Crttj 4
2. sort f(x,iﬂ):

oo

& o

f' (Xl}+/}) < . < f (X?+i\) e “1o s 0 5 10
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CMA-ES follows CM(F)
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= no stationary measure

def Mk — x*

 ordett/29(Cy)

def Ck

= i det~1({1})

k

(Zk+1, k1) = F((2k: Zk), Vi+1)

; — (1A A
with vier1 = (Ui, -5 upia)-
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Control model, [G., Auger & Durmus, soon submitted]

Ok+1 = F(Ok, a(Ok, ux+1)) (CM(F))

e F: X xV — Xis locally Lipschitz

e {vii1} such that v 1 = bk, uks1) ~ po, l.s.c.
e X and V are manifolds

Theorem
Suppose that 0* is steadily attracting, i.e., for O € X,

E|(V1,V2,...)EO§§, lim Fk(eo,vl,...,vk)ze*.
If 3(vi,...,vk) € OF., such that any

Ck € Clarke,,  Fi(0",v1,...,v)

is of rank n, then {0} is an irreducible aperiodic T-chain.
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Consequence

Corollary
Under additional assumptions on the objective function f,

(2> Zk) eny

is a irreducible, aperiodic T-chain.

19



Then (zx, k) is positive recurrent and follows a LLN if
there exists a drift V: X — [0, +-00] such that

E [V(Zl, Zl)] < (1 — 8) X V(Zo, Zo) + b x l(zo,):o)GK
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Theorem (Drift for the normalized chain)
When minimizing a spherical function f: x — g (XTX)

(g: R — R increasing), then the irreducible, aperiodic Markov

chain (zx, Xk )ken satisfies a Foster-Lyapunov condition with the
potential defined by

Y 7|2
IZ o)

V(z,X) = ax (D)2
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Theorem (Drift for the normalized chain)
When minimizing a spherical function f: x — g (XTX)

(g: R — R increasing), then the irreducible, aperiodic Markov
chain (zx, Xk )ken satisfies a Foster-Lyapunov condition with the
potential defined by

Y 7|2
IZ o)

V(z,X) = ax (D)2

This can be generalized to when minimizing ellipsoid functions
f(x) = g(x " Hx) using the affine-invariance of CMA-ES.
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Affine-Invariance

min f(x)

(mo, Co) (m1, G)
| (Ut
(mf),C(’)) min f(Bx + b) (m/pC{)
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Conclusion

e (zx,Xk)ken is irreducible and aperiodic ;
e it is positive recurrent ;

e we deduce a LLN and the convergence of CMA-ES.
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Thank you!
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Scaling-invariant functions
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